Poles of integrale tritronquee are in bijection with cubic oscillators that admit the simultaneous solutions of two quantization conditions. We show that the poles are well approximated by solutions of a pair of Bohr-Sommerfeld quantization conditions (the Bohr-SommerfeldBoutroux system): the distance between a pole and the corresponding solution of the Bohr-Sommerfeld-Boutroux system vanishes asymptotically.
Statement of Main Result
In a previous paper [Mas10] , the author studied the distribution of poles of solutions of the the first Painlevé equation
with a particular attention to the poles of the intégrale tritronquée. This is the unique solution of P-I with the following asymptotic behaviour at infinity
The problem of computing the poles of the tritronquée solution was mapped to a pair of spectral problems for the cubic anharmonic oscillator. More precisely, it was shown that a point a ∈ C is a pole of the tritronquée solution if and only exists b ∈ C such that the following Schrödinger equation Using a suitable complex WKB method, the author studied this pair of quantization conditions. He derived a system of two equations, the Bohr-Sommerfeld-Boutroux (B-S-B) system, whose solutions describe approximately the distribution of the poles. We say that (a, b) satisfies the Bohr-Sommerfeld-Boutroux (for the precise definition see Definition 5 below) system if
Here m, n ∈ N − 0 are called quantum numbers and the cycles c ±1 are depicted in Figure 1 .
For any pair of quantum numbers there is one and only one solution to the Bohr-Sommerfeld-Boutroux system; this is proven for example in [Kap03] .
Solutions of B-S-B system have naturally a multiplicative structure.
Definition 1. Let (a * , b * ) be a solution of the B-S-B system with quantum numbers n, m such that 2n − 1 and 2m − 1 are coprime. We call (a * , b * ) a primitive solution of the system and denote it (a q , b q ), where q = 2n−1 2m−1 ∈ Q. Due to Lemma 4 below, we have that
is another solution of the B-S-B system. We call it a descendant solution. We call {(a q k , b q k )} k∈N the q-sequence of solutions. In [Mas10] it is shown that the sequence of real solutions of B-S-B system is the 1-sequence of solutions. The real primitive solution is computed numerically as a 1 ∼ = −2, 34, b 1 ∼ = −0, 064. In the present paper we prove that any q-sequence approximates a sequence of poles of the tritronquée solution. The error between the pole and its WKB estimate is of order (2k + 1)
The main results of the present paper is the following Theorem 1 (Main Theorem). Let ε be an arbitrary positive number. If
there is one and only one pole of the intégrale tritronquée.
The rest of the paper is devoted to the proof of the theorem.
Proof

Multidimensional Rouche Theorem
The main technical tool of the proof is the following generalization of the classical Rouché theorem.
and f (z) have the same number (counted with multiplicities) of zeroes inside D. Here |f (z)| is any norm on C n .
Monodromy of Schrödinger Equation
Poles of intégrale tritronqueée are in bijections with the simultaneous solutions of two eigenvalues problems for the cubic anharmonic oscillator [Mas10] . Below we recall the basics of anharmonic oscillators theory; all the details can be found in [Mas10] . Fix k ∈ Z 5 = {−2, . . . , 2} and the branch of λ 
For any pair of functions ψ l , ψ l+2 , we call
the k-th asymptotic value. If ψ l and ψ l+2 are linearly independent then w k (l, l + 2) = w m (l, l + 2) if and only if ψ k and ψ m are linearly dependent.
Definition 3. Let E be the (open) subset of the (a, b) plane such that ψ 0 (λ; a, b) and ψ ±2 (λ; a, b) are linearly independent (its complement in the (a, b) plane is the union of two smooth surfaces [EG09] ). On E we define the following functions
All the functions are well defined and holomorphic. Indeed, due to WKB theory we have that w l+1 (l, l + 2) is always different from 0 and ∞.
We can characterize the poles of the intégrale tritronqué as the zeroes of U .
Theorem 3 ([Mas10]
). The point a ∈ C is a pole of the intégrale tritronquée if and only if there exists b ∈ C such that (a, b) belongs to the domain of U and U (a, b) = 0. In other words ψ −1 (λ; a, b) and ψ 2 (λ; a, b) are linearly dependent and ψ 1 (λ; a, b) and ψ −2 (λ; a, b) are linearly dependent.
We remember that the complex number b in previous lemma is the coefficient of the quartic term in the Laurent expansion of the tritronquée solution around a (see Section 2.2 in [Mas10] ).
WKB Theory
Let V (λ; a, b) be the potential of equation (1). We call turning point any zero of V . A Stokes line is any curve in the complex λ plane along which the real part of the action is constant, such that at least one turning point belong to its boundary. The union of all the Stokes line and all turning points is called the Stokes complex of the potential.
A Stokes complex is naturally a graph embedded in the complex plane. The Stokes graphs has been classified topologically in [Mas10] and the graph of type "320" (see Figure 2 ) was shown to be crucial to the approximate description of the poles of the intégrale tritronquée. . ; a, b) is of type "320". On a sufficiently small neighborhood of (a * , b * ) we define the following analytic functions
The cycles c ±1 are depicted in Figure 1 and the branch of √ V is chosen such that Re V (λ) → +∞ as λ → ∞ along the positive semiaxis in the cut plane. . ; a, b) is of type "320" and
Here m, n ∈ N−0 are called quantum numbers. Equivalently the B-S-B system can be written asŨ (a, b) = 0.
In [Kap03] the following lemma was proven.
Lemma 1. For any pair of quantum numbers n, m ∈ N− 0 there exists one and only one solution of the B-S-B system.
After the results of [Mas10] Section 4.3, we can compare the functions U andŨ defined above.
Lemma 2. Let (a, b) be such that the Stokes graph is of type "320". There exists a neighborhood of (a, b) and two continuous positive functions ρ ±2 such that χ ±2 are holomorphic and
Moreover if ρ ±2 < ln 3 2 then ψ 0 and ψ ±2 are linearly independent. We remark that in [Mas10] ρ ±2 were denoted ρ 0 ±2 . Using classical relations of the theory of elliptic functions we have the following Lemma 3. The mapŨ defined in (10) is always locally invertible (hence its zeroes are always simple) and
Proof. On the compactified elliptic curve µ 2 = V (λ; a, b), consider the differentials ω a = − λdλ µ and ω b = − dλ µ . It is easily seen that
Moreover we have that
where JŨ is the Jacobian of the mapŨ . The statement of the lemma follows from the classical Legendre relation between complete elliptic periods of the first and second kind [EMOT53] .
Our aim is to locate the zeroes of U (the poles of the intégrale tritronquée after Theorem 3) knowing the location of zeroes ofŨ (the solutions of the B-S-B system). We want to find a neighborhood of a given solution of the B-S-B system inside which there is one and only one zero of U . Due to estimate (11) and Rouché theorem, it is sufficient to find a domain on whose boundary the following inequality holds
Scaling Law
In order to analyze the important inequality (12), we take advantage of the following scaling behaviour that was proven in [Mas10] Section 4.4.
Lemma 4. Let (a * , b * ) be such that the Stokes graph is of type "320" and E be a neighborhood of (a * , b * ) such that the estimates (11) are satisfied. Then, for any real positive x the point (x 2 a * , x 3 b * ) is such that the Stokes graph is of type "320" and in the neighborhood E X = (x 2 a, x 3 b) : (a, b) ∈ U the estimates (11) are satisfied. Moreover for any (a, b) ∈ E the following scaling laws are valid
Proof of the main theorem
From Lemma 4 we can extract the leading behaviour ofŨ around real solutions of the B-S-B system. 
u −2 (z, w) = 1 + c −2 (2k + 1)
Proof. It follows from Lemma 4.
We have collected all the elements for proving the following 
Proof. The polydisc D 
; such a bound is eventually smaller than ln 3 2 . Then for a sufficiently large k, D
is a subset of the domain of U and inside it U andŨ satisfy (11) and (13).
We divide the boundary in two subsets ∂D
Inequality (14) will be analyzed separately on D 0 and
By the triangle inequality and expansion (13), we have that Ũ (a, b) ≥ (2k+1) The Lemma is proven.
As a corollary of Lemma 6 and of Rouché theorem, we obtain the following theorem which implies Theorem 1. 
